Wave fields possessing invariance and conservation properties have recently stimulated research activity. Typical examples of such fields are Gaussian modes, Bessel beams, 1 phase dislocations, 2 and beams with rotating intensity distributions. 3 The subject of this Letter is self-imaging (SI) in which the invariance property is manifested in a repetition of the transverse intensity distribution of a wave along the direction of propagation. Montgomery 4 was the first to derive general conditions for a coherent wave field to have its complex amplitude repeated along the illumination direction. His results are valid for the homogeneous Helmholtz equation and require an inf inite support of the wave on any transverse plane. Moreover, every solution satisfying these conditions carries inf inite energy outside any finite support. In Ref. 5 it was shown that for finite-energy waves this SI has an approximate character. Other studies 6 -9 considered the finiteness of object dimensions as an aberrating factor. Furthermore, they assumed transversal periodicity of the object, which is an important but by no means a general case. In Refs. 1 and 10 a superposition of nondiffracting beams was used for describing SI waves.
Here we seek general paraxial waves that carry finite total power and exhibit scaled SI; i.e., the repeated images can be scaled relative to each other. The formalism is based on an expansion in GaussLaguerre (GL) or Gauss -Hermite (GH) propagation modes. In this way we obtain simple yet powerful conditions on the general structure of paraxial waves possessing scaled SI. It is also shown that the scaled phase map is self-imaged except for a quadratic-radial phase term. The known case of an infinite aperture is obtained as a limiting case.
Let a scalar wave be represented by the function
where r ͑ r, f, z͒ in cyclindrical coordinates, v is the angular frequency, and k is the wave number. The reduced wave field, u͑r͒, can be expanded in terms of GL modes. We found it convenient to write each GL mode in the form
wherer r͞w͑z͒ is the radial coordinate scaled by the Gaussian spot size, which is given by w͑z͒ 
while c͑z͒ arctan͑z͒ is the Gouy phase. The function (2b) is common to all modes and comprises the radial Gaussian envelope of the beam, a quadratic phase, and a Gouy phase. L jmj ͑n2jmj͒/2 are the generalized Laguerre polynomials, where the integers n, m satisfy n jmj, jmj 1 2, jmj 1 4 , . . . .
Let us examine a superposition of such modes:
where A j is the complex amplitude of mode j. Assuming, without loss of generality, that n j # n j 11 , the intensity distribution is given by
where Dm jp ϵ m j 2 m p , Dn jp ϵ n j 2 n p , and q jp ϵ ͓arg͑A j ͒ 2 arg͑A p ͔͒. Considering SI scaled as the elementary Gaussian spot size, we require that
The first sum on the right-hand side of Eq. (5) Accordingly, Eq. (6) will be fulfilled if each of these terms is equal at z 1 and z 2 :
The coefficients of the cosine functions depend onr through the functions R nj , mj ͑r͒R np, mp ͑r͒. Thus the equality of each term, and hence Eq. (7), is also a necessary (as well as suff icient) condition for the fulf illment of Eq. (6). Equation (7) is satisfied for all f if and only if
for all f. We are led to the condition that
where N jp is any integer and
Equation (9) is fulfilled if and only if the index n j of each mode j that comprises the wave satisfies
where n 1 and N j are integers. The constant n 1 is arbitrary, whereas the variable N j is such that n j is a nonnegative integer. The magnif ication between selfimages is
Although we required SI between two planes, Eq. (5) indicates that the scaled intensity distribution is periodic in c͑z͒. Because c͑z͒ is bounded, the number of periods is finite. Note that a SI condition between two planes was also sought in Ref. 4 , leading to periodic solutions in z. We now investigate the phase relation between these intensity self-images. The amplitude of the wave presented in Eq. (4) is
where K nj , mj ͑r͒ comprises all the scaled-radial factors that do not depend explicitly onz. Because of the orthogonality of the modes, the sum is equal in z 1 and z 2 if and only if each term in it is equal in these two planes. This condition is equivalent to Eq. (8).
Thus the two-dimensional scaled phase distributions are related by
Hence the phase map of the wave (scaled with the Gaussian spot size) is self-imaged with the intensity distribution, except for a quadratic-radial term and a constant. Moreover, we can see that this derivation leads directly to the previous result [Eqs. (10) and (11)].
The conditions of Eqs. (10) and (11) (10) and (11) are not described by the Montgomery rings that were used to represent the general solution for SI in the literature. 4, 5 However, we now show that these solutions can be obtained as a special limiting case in which the beam appears to have an inf inite effective extent. First we note that the paraxial SI objects introduced by Montgomery are described in their most general way by rings in the Fourier domain as
where N is an integer and j 1 2 is a constant describing the lowest-frequency ring. The condition presented in Ref. 4 is obtained for j 1 2 0. We set the following conditions for the mode superposition of Eq. (4): (A) To make the modes resemble (inf inite) plane waves and Bessel modes, we can reduce the quadraticradial phase by requiring thatz , , 1. In the limit ͑Dz͞z 0 ͒ ! 0, we obtain a uniform periodicity in z and an inf inite number of self-images. According to this limit and Eq. (11),
(B) The effective half-angular beam spread of a GL mode obeys
The angular beam spread must be kept small to satisfy the paraxial approximation, in spite of Eq. (17). For convenience we keep
during the limiting process. As a consequence, ͑w 0 ͞l͒ !`, and thus also n 1 !`.
(C) Obviously, we demand that r be much smaller than the effective width of the beam, which is taken as the standard deviation of the intensity distribution. It can be shown 3 that
Thusr , , p n ͞2 for all n comprising the wave.
(D) The smaller the difference n 2 jmj, the lower the energy concentrated about the axis [where condition (C) is valid]. Thus, to maintain a signif icant amount of energy in the axial region, we require that n 2 jmj ഠ n (see Eq. (3)].
Using the relation
where J a denotes a Bessel function of order a, we note that conditions (A)-(D) with Eqs. (2) and (11) lead to
where c͑n, m͒ is constant for each mode and j 1 2 ϵ n 1 ͑͞p 2 w 0 2 ͒. The two-dimensional Fourier transform of Eq. (22) over the transversal coordinates ͑r, f͒ satisf ies
where ‫ء‬ denotes convolution, ͑j, Q͒ are the polar spatial-frequency coordinates and ring N , m ͑j, Q͒ ϵ d͕j 2 ͓j 1 2 1 ͑2͞lDz͒N͔ 1/2 ͖exp͑imQ͒ .
As the Gaussian spot size increases, that is, w 0 !`, the convolution kernel in Eq. (23a) becomes inf initesimally narrow. In this limiting case the SI solutions are in agreement with Ref. 5 , and their spectrum is concentrated about the rings described in Eq. (16). Note that j 1 2 can take any positive real value leading to any positive ring radius. However, to contain fully the solutions of Eq. (16), it should also be possible to obtain j 1 0, corresponding to a plane wave. In this special case, the basic Gaussian mode ͑n 1 0͒ can be introduced and considered as a plane wave. For this purpose we use a different limit: Condition (B) applies only for j . 1, and condition (C) is changed tor , , 1͞2.
It should be pointed out that some of the conditions above may not seem necessary for simulating the inf inite effective-aperture situation. For example, Eq. (19) was chosen to fit all modes into Eq. (21). However, here we are interested only in showing that under suff icient conditions the solutions of Eq. (16) are a limiting case of Eqs. (10) and (11) .
In contrast with previous research, 4 -9 our approach deals with waves that are exact solutions of the paraxial wave equation. No further approximations are made. The GL modes fall off rapidly away from the propagation axis and thus limit the support of the object to an effective finite aperture. Truncation effects can be arbitrarily reduced, producing negligible aberrations in the results. Note that the GL modes can be expressed as superpositions of GH modes having n x 1 n y n and vice versa. 12 Thus Eqs. (9) and (11) also apply for wave representations in terms of GH modes, with n def ined in this way.
In summary, scaled SI can exist between any two planes and with any magnification within the paraxial regime. In an appropriate GL basis, Eqs. (10) and (11) give a necessary and suff icient condition for SI. The phase map, scaled with the corresponding Gaussian spot size, is also replicated with the exception of a quadratic phase. These waves possess finite energy and thus are physically realizable. Previously known SI wave fields are obtained as a particular limiting case. The theoretical results presented here may prove useful for the analysis and synthesis of waves.
